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Abstract 
 

The Laplace Adomian Decomposition Method (LADM) offers a robust numerical framework for analyzing 
the effects of vaccination on the dynamics of measles transmission. This study employs LADM to solve 
the differential equations governing the spread of measles within a population, focusing on the impact of 
vaccination rates on disease prevalence. By decomposing the nonlinear terms of the governing 
equations into a series, the method facilitates an efficient and accurate approximation of the solution 
without requiring linearization or perturbation techniques. Through simulations, we explore various 
vaccination strategies and their efficacy in reducing measles outbreaks. Results illustrate that as 
vaccination rates increase, the infected population declines over time, while a decrease in vaccination 
rates leads to a notable rise in the susceptible population. Specifically, when vaccination rates drop from 
0.2 to 0.12, the susceptible population increases significantly, causing a drastic decrease in the infected 
population. Furthermore, a gradual rise in vaccination rates from 0.03 to 0.12 over one month correlates 
with a marked reduction in infections, particularly when the waning rate is low (0.01), as more individuals 
become less likely to contract the disease. Conversely, a higher waning rate results in an increased 
infected population. This study contributes to the existing literature by showcasing LADM as a powerful 
tool for infectious disease modeling, providing insights into vaccination impacts on measles transmission 
dynamics and supporting evidence-based decision-making in public health interventions. The findings 
underscore the necessity of continuous vaccination efforts to achieve herd immunity and mitigate the 
risks associated with measles outbreaks. 

  
Keywords: Measles, Basic Reproduction Number, Stability Analysis, Sensitivity Analysis, Laplace 

Adomian Decomposition Method. 

 
 
Introduction 
 
The measles is an epidemic disease that has spread rapidly over the world in the recent past, and 

nations of nations cannot stress the importance of this. We all want to comprehend how and what 

led us to this setting. A mathematical model is an explanation of a system that makes use of terms 
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related to mathematics and ideas. Mathematical modelling is the process which produces a 

mathematical model. These are working in engineering and natural science domains as well as in 

non-physical systems such as the social sciences. One of the nation's most frequent bacterial viral 

diseases, measles develops quickly—within 14 days—according to (Yoo et al., 2018). It is within 

human power to influence the environment it resides in. Humans interact with an assortment of 

creatures in everyday affairs (Adewale, 2022; Gans, 1998). Because these interactions are 

sometimes harmful or destructive to both humans and other beings, humanity has developed 

approaches, tools, and modern technologies to help lessen the threat (Kumar et al., 2022). 

Biological hazards are a constant in our environment, and we continually deal with new issues 

despite advancements in technology (Coovadia et al., 2019; Veklych et al., 2020).  

A type of such threat is viruses. They are found in the air, soil, and water as well as on 

solid surfaces; they are invisible to the eyes of humans and are the cause of several diseases that 

kill millions of people every [6]. Most recently, the outbreak of a novel corona virus strain, SARS-

COV-2, resulted in a pandemic that died more than 200 000 individuals between May 1, 2020, 

and its first case reported in Wuhan, China, in December 2019 (Gergonne, 2004; Journal, 2004). 

Additionally, an essential reproduction number serves as the stability-governing threshold i.e.  

10 R  and unstable if 10 R  of the illness at balance by (Measles & Rubella Virus, 2015) is a 

well-known tool used to forecast the prevalence of a disease during its outbreak since it allows for 

tracking the disease's trajectory and rise or decline in the population (Singh et al., 2015; Griffin, 

2016; Vynnycky et al., 2018). Exponentially robust or differently at a constancy of the region at 

free of illnesses equilibrium )11( 00  RorR in (Oh et al., 2022; Suwoyo et al., 2023; Berhe et 

al., 2020; Berkovich, 1964; James et al., 1979). We utilize analysis, prediction, and experimental 

behaviour research to battle these illusory enemies. Mathematical methods like as differentiation, 

integration, and computational procedures are employed to convert observed data into models for 

analysis and prediction in (Kulsoom et al., 2023). In order to provide predictions, these models are 

analyzed, using predetermined parameters and initial conditions, and then solved analytically or 

numerically. For large quantities consisting of individuals, such as the measles, mathematical 

compartmental models are employed.  

The deterministic model assigns individuals of the population to each subgroup, which 

reflects a different stage of the epidemic in (Palumbo et al., 1992; Plans-Rubió, 2020; Wang et al., 

2014). The results of the numerical simulation produced by the well-known Laplace Adomian 

decomposition method encourage the idea that treatments can help slow the disease's rapid 

spread and also play a positive and crucial role in encouraging further research and the carrying 

out of control measures.  

 
 
Materials and Methods 
 
Model Formulation 
N (t) represents the overall population within study. The distinct populations that make up the 

population R (t) are the following: exposed population E (t), infected population I (t), vaccinated 

population V (t), and recovered population S (t). Considering this approach, the whole population 

is            tRtItEtVtStN  . Population of the understudy is made up of birth rate  ,  

the point of contact with an infected individual is  , disease induced death rate of the measles 
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spread is   An exposed individual can migrate to being infected at   Vaccine waning rate on 

the immune of an infected is 2  , rate of vaccination on vulnerable individual 1 , the recovery 

rate  and natural death on individual in the total population denoted by  The above illustration 

can be represented in with schematic diagram and a system of nonlinear differential equations in 

figure 1 and equation 1 respectively. 

 

Figure 1. Flow of the model formulation 

The system of the model formulated is presented as; 
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Subject to the following initial conditions  

          00,0,0,0,0 00000  rRiIeEvVsS         (2)
 

 

Table 1. Description of parameters, values, and references 

Variable Description Values References 

S(t) Susceptible population 1200 1 

V(t) Vaccinated population 420 4 

E(t) Exposed population 68 7 

I(t) Infected population 27 11 

       R(t) Recovered population 92 3 

Parameter Description Values References 

  Recovery rate 0.0375 4 

  Migration rate from 

exposed to infected 

0.0001 8 

  Disease contact parameter 0.2 Assumed 

2  Vaccine waning rate 0.013 20 
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1  Vaccination rate of 

vulnerable 

1.263  2 

  Mortality rate 0.02 10 

  Disease induced death 0.038 14 

  Recruitment rate  1.29 Assumed 

 

Analysis of the model 

Positivity and Boundedness of Model Solution 

The system (1), which describes an epidemic disease within a human population, should have 

parameters that are nonnegative. To ensure that the system of differential equations in (1) is both 

mathematically and epidemiologically well-posed, it is essential to demonstrate that the state 

variables in the model are nonnegative. System (1) is well-posed when the system starts with 

nonnegative initial conditions          0,0,0,0,0 0000 RiIeEvVsS  ; In that case, the 

solutions of system (1) will persist in being nonnegative throughout their evolution, 0t and that 

these positive solutions are bounded. We thus apply the following theorems. 

 

Theorem 1  

All solutions of system (1) are bounded. 

Proof: 

Consider the total population  

R(t) + I(t) + E(t) +V(t) S(t))( tN                                       (3) 

The variation in the total population concerning time is given by: 

 R(t) + I(t) + E(t) +V(t) S(t)
)(


dt

d

dt

tdN

   (4) 

Such that  

  N
dt

tdN
IRIEVS

dt

tdN
 

)()(
When no outbreak of 

measles, 0 .Thus, it is obtained that 

  N
dt

tdN )(
, leading to LeetN tt  




)(  , L is the constant of integration (5) 

Initially,  

)0()0( 



  LeN , this yields 




 )0(NL       (6) 

Thus, substituting (6) into (5) as time progressively increases yields: 
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If so


N
N )0( , as



N
tN )( .   This is a positive invariant set under the flow described by 

(2) so that no solution path leaves through any boundary
5

 . However, it is sufficient to 

consider the dynamics of the model in the domain
5

 . In this region the model can be 

considered has been mathematically and epidemiologically well-posed. 

This shows that the total population )(tN , and the subpopulation )(),(),(),( tRtItEtS of the 

model are bounded and is a unique solution. Hence, its applicability to study physical systems 

is feasible. 

 

Theorem 2 

Given that the           00,00,00,00,00 00000  rRiIeEvVsS , and 0

, then the solutions          tRtItEtVtS ,,,, of the system (1) will always be nonnegative. 

Consider the compartment of the system of equations for case (1) on the population, as 

obtained. 

Proof: 

Let: 
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Equation (7) demonstrates the presence of system (1) within the positive quadrant, leading it 

to ultimately enter and persist in the attracting subset . Consequently, the set comprises 

both the local and global attractors of system (1). As a result, the set is characterized as 

compact, positively invariant, and attractively influential with respect to the system. The 

solution of the model is bounded, well-posed and epidemiologically and mathematical 

represented. 

Measles Non-Infected Equilibrium States  
The measles-non-infected equilibrium state represents a scenario in which the system is entirely 

free from bacterial disease. Consequently, when the number of infected individuals (I), it follows 

that the numbers of exposed (E) and recovered (R), i.e. 0 REI   . In this context, the 

solution for the measles-free equilibrium point can be derived as follows: 

0
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At no outbreak of measles infection, the diseases class, at 0t , from (12),  
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Disease Steady State Prevalence 

Measles prevalence on ),,,,( RIEVS  at 0t , highlighting its dynamic nature.to measure vital 

role on its outbreaks and protect the population. Let ),,,,(
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Basic Reproduction Number 

The basic reproduction number, denoted as 0R , measures the potential for measles infections. 

Only one of the two disease states has the potential to spread new infections. The model's 
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vulnerable and infectious compartments have connections by equation (1). This can also be 

referred to as the threshold parameter, that regulates the quick spread of an illness in a 

community, and it indicates the number of secondary infections brought on by those with the 

disease among the target group. To determine the system (1), we apply the next-generation 

method, focusing on the infectious classes E and I. This involves calculating the F and V matrices, 

representing the rates of new infections and transitions into and out of the infected compartment, 

respectively. From the equations in the system (1), we derive these matrices as follows. 

|)(0 IGR    where 1 VFG and  is the spectral radius of the matrix || IG  . 

From the system of equation (1) it is obtained for matrix F andV : 
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Asymptotic Stability of Disease Free State 
This section examines the stability of the disease-free state for measles by analysing the basic 

reproduction number's impact. When the reproduction number is 10 R , the disease declines, and 

we determine stability using a Jacobian matrix and a characteristic equation. 

 

Theorem 3 

The disease-free state of the model is locally asymptotically Stable 1oR and unstable if  .1oR  

Proof: 

The disease-free equilibrium is obtained as the Jacobian matrix of the system of (1) is obtained 

and evaluated at the disease free-state using the linearization method 
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Computing for the eigenvalues,  0
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The eigenvalues are negatively invariant in the region
5

 , hence the system of (1) is 

asymptotically stable. 

 
Regional Resilience of the Persistence Equilibrium State  

 

Theorem 4 

The regional resilience of the persistent equilibrium of the proposed model is locally 

asymptotically Stable if and unstable otherwise. 

Proof: 
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Jacobian matrix of the system of (21), 
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 (22)                          

 The resulting eigenvalue of the above matrix is obtained as;
 

0,)(,)(,)(,)( 21  a     (23) 

If   tsrqap ),(),(),(,)( 21 it’s therefore obtained 

that 

0))()()()((   tsrqp
 

Algebraically, it is obtained that,  

     
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)1()()()1())(()()( 2345
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


.   

With the invariance of the Eigen values it is said to be locally asymptotically stable 
 
Global Stability of the Disease Free 
The global asymptotic stability of the disease-free equilibrium of the proposed model is 

demonstrated using the Lyapunov technique. This entails examining the equilibrium's time 

derivatives to show how the system eventually approaches a stable state. The description that 

follows lays out the steps involved in reaching this stability. 

 

  2211,,,,, ICICRIEVSt    (24) 
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Imperatively to note that 0
dt

dV
 only when 0I , the substitution of 0I   into the model system 

of equation (1) shows that 
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
  at t . Based on LaSalle’s 

invariance principle. Hence 0I  is globally asymptotically stable whenever oR  > 1. 

 

Sensitivity Analysis of the Basic Reproduction Number 
The sensitivity of [the model or system] is evaluated concerning each parameter. The normalized 

forward sensitivity index, defined below, measures the impact of parameter variations on model 

outcomes. This index quantifies the relative importance of individual parameters in influencing the 

behaviour of the system under consideration. This analysis will result in the determination of the 

normalized forward sensitivity index, denoted as  
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Table 1. Sensitivity analysis and parameter indices 

Parameters Sensitivity indices 
   0.01576632 1days  

1   2.3070 3e 1days  

   0000000.1 1days  

   0000000.1 1days  

2   
329925.1 e 1days  

   0207777.0 1days  

  020123.1 1days  

  

Table 2 shows that the sensitivity indices of are positive, the sensitivity indices depend on the 

values of the other parameters, and changes in those values will affect the sensitivity indices. 

Based on the table, we can conclude that parameters are the most sensitive to the basic 

reproduction number in equation (1) of the measles infection. Particularly, increasing the value of 

1  will result in 88.14% increase in
oR , while increasing the value of  will lead to a 1.67% 

increase in
oR . 

 
Numerical Simulation 
To conduct numerical simulation on the mathematical model, we create the following iterative 

scheme of Laplace adomian decomposition method for the model equation. The Laplace Adomian 

Decomposition method was employed to computationally analyse the epidemic model. Maple 

software facilitated the generation of iteration formulas for each compartment. These formulas 

were then iteratively solved, enabling the numerical evaluation of the model's dynamics and 

providing insights into the epidemic's behaviour and progression. Taking the Laplace transform of 

both sides of the above equation. 
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Following the definition of Laplace Transform of derivatives  
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Substituting into (2) to yield 
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Where 00000 )0(,)0(,)0(,)0(,)0( rRiIeEvVsS   
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Letting the non-linear terms ASI   and substitutes by taking the inverse Laplace Transform of 

both sides, 

 

  

   

   

   

   

















































































RLIL
m

LrtR

LEL
m

LitI

ELAL
m

LetE

VLSL
m

LvtV

SVSAL
m

LtstS











1
)(

)(
1

)(

)(
1

)(

)(
1

)(

1
)(

1

0

1

0

1

0

21

1

0

21

1

0

 (30) 

And the nonlinear term A is given the adomian polynomials 

,,, 021120201101000 ISISISAISISAISA   etc. 
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The initial approximations of each class are given by;  

0000000000 )(,)(,)(,)(,)( rtRitIetEvtVtstS    Now, comparing the coefficients 1n . 

Using the recurrence relations, the following are obtained  
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For n=2 
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Results and Discussion 

 
In this study, Maple 18 software was utilized to simulate the disease dynamics over time. The 

findings are presented in a graphical format and extensively discussed. The results presented in 

Figures 1, 2, and 3 provide compelling evidence of the intricate relationship between vaccination 

rates and the dynamics of measles transmission within the population. 
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Figure 1 illustrates a clear trend: as vaccination rates increase, the number of infected 

individuals declines over time. This observation aligns with findings from various studies that 

emphasize the importance of vaccination in reducing disease incidence. For instance, effective 

vaccination programs have been shown to drastically lower the reproduction number (R0), 

ultimately leading to fewer infectionse infected population indicates the successful implementation 

of herd immunity, where a sufficient proportion of the population becomes immune, thus protecting 

even those who are unvaccinated. 

In Figure 2, a nt occurs when the vaccination rate drops from 0.2 to 0.12, resulting in an 
increase in the susceptible population alongside a sharp decrease in the infected population. This 
counterintuitive finding highlights the delicate balance in disease dynamics; while lower 
vaccination rates may initially seem detrimental, they can lead to a temporary surge in susceptible 
individuals as some become exposed but not infected. This phenomenon emphasizes the need 
for sustained vaccination efforts to prevent resurgence of the disease. The implications of this 
firofound: if vaccination coverage falls below critical thresholds, even a small proportion of 
susceptible individuals can lead to significant outbreaks. 

Figure 3 further corroborates the fiemonstrating that increased vaccination rates lead to a 
decrease in the exposed population. This relationship indicates that as more individuals are 
vaccinated, fewer are likely to contract the disease, thereby reducing the number of individuals in 
the exposure phase. The results underscore the importance of maintaining high vaccination 
coverage to minimize exposure and subsequent infection. 

The observed dynamics over a one-month period when the vaccination rate is increased 
from 0.03 to 0.12, the number of infected individuals decreases significantly. Specifically, when 
the waning immunity rate is set at 0.01, the likelihood of infection diminishes, resulting in a growing 
population of susceptible individuals. Conversely, a reduction in the waning rate leads to an uptick 
in the infected population, suggesting that waning immunity is a critical factor in maintaining 
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disease prevalence. This highlights the necessity of booster vaccinations and ongoing public 
health campaigns to counteract the effects of waning immunity.  

The findings from this study provide the dynamics of measles transmission and the role of 
vaccination. They underscore the necessity for public health initiatives aimed at increasing and 
maintaining vaccination rates to ensure long-term disease control and prevention. Continuous 
monitoring of vaccination impacts, alongside strategies to enhance public awareness and 
engagement, will be vital in achieving desired health outcomes and preventing future outbreaks. 
 

 
Conclusion 

 
The conclusion drawn from the graphical display of numerical results obtained through the Laplace 

Adomian Decomposition method underscores the critical role of vaccination in flattening epidemic 

curves. The method's output likely illustrates the impact of various intervention strategies on the 

spread of the disease. By showing how vaccination decreases the rate of infection and mitigates 

the severity of outbreaks, the results emphasize the importance of vaccination campaigns led by 

health professionals.  

Vaccinating affected individuals not only reduces their susceptibility to the disease but also 

helps in achieving herd immunity, ultimately contributing to the stabilization and decline of 

epidemic curves. This conclusion highlights the urgent need for proactive vaccination efforts as a 

fundamental measure in controlling and containing infectious diseases. 
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