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Abstract 
 
Conjugate gradient methods are widely used for unconstrained optimization problems. Most of 
the conjugate gradient methods do not always generate a descent search direction. In this 
article, a new search direction via hybrid conjugate gradient method by convex combination of 
the earlier works is used and extended for the solution of nonlinear system of equations. The 
proposed search direction generates a descent direction at every iteration and without 
convexity assumption on the objective function. The new method possesses, preserved and 
inherits the properties of the Conjugate Gradient (CG) coefficient used. The proposed 
hybridized method played a useful, vital and powerful role in solving large-scale nonlinear 
system of equations as indicated in the numerical results. 
 
Keywords: Unconstrained optimization; Conjugate gradient; Search direction; Nonlinear 
equations. 
 
 
Introduction 
 
Consider the equation below 

𝐹(𝑥) = 0      (1) 
 
where 𝐹: 𝑅𝑛 → 𝑅𝑛 and assumed to satisfy that (i) 𝐹 is continuously differentiable in an open 

convex set 𝑆 (ii) There exist a solution vector 𝑥∗ of (1) in 𝑆 such that 𝐹(𝑥∗) = 0 and 𝐹′(𝑥∗) ≠ 0. 
(iii) The Jacobian 𝐹’(𝑥) is Lipschitz continuous at 𝑥∗. Most problems that emanates from the 
work of engineers, physicists, mathematicians and many other scientists are Nonlinear in 
nature.  

Many researchers (Yuana, and Zhang, 2015; Liu, and Li, 2015; Mamat et al, 2016; 
Dauda et al, 2016) developed different iterative methods for solving nonlinear systems of 
equations. However, some of the methods developed are not suitable for solving large-scale 
nonlinear systems of equations. This is due to the need to solve Jacobian matrix, an 
approximation of Jacobian matrix at each iteration as in Newton method or inefficiency in 
solving complicated problems. Among the iterative methods for solving (1) are Newton's 
method, Quasi-Newton's method, Diagonal Broyden-like method etc. but the prominent method 

mailto:mkdfika@gmail.com


Malaysian Journal of Computing and Applied Mathematics 2019, Vol 2(1): 8-15 
©Universiti Sultan Zainal Abidin 
(Online) 

 

9 

 

for finding the solution of (1) is the classical Newton's method that generates a sequence of 
iterates 𝑥𝑘 from a given initial point 𝑥0  via 

𝑥𝑘+1 = 𝑥𝑘 + 𝑠𝑘  
 
The method generates an iterative sequence 𝑥𝑘 from a given initial guess vector 𝑥0 in 

the neighborhood of 𝑥∗ from the following algorithm 
 
Newton Algorithms 
 
For 𝑘 = 0,1,2, ⋯ of 𝐹’(𝑥𝑘), the Jacobian matrix of 𝐹. 
Step 1: Solve 𝐹’(𝑥𝑘)𝑠𝑘 = −𝐹(𝑥𝑘) 
Step 2: Update 𝑥𝑘+1 = 𝑥𝑘 + 𝑠𝑘,  
where 𝑠𝑘 is the Newton correction and the equation of step 2 is the Newton system. When the 

Jacobian matrix 𝐹’(𝑥∗), is nonsingular at a solution of (1) the convergence is guaranteed with a 
quadratic rate from any initial point 𝑥0 in the neighborhood of 𝑥∗ (Yuana, and Zhang, 2015; Liu, 
and Li, 2015). To overcome these deficiencies, Kafaki 2011 gave a new conjugate gradient 
method based on the idea of Dai and Yuan, and showed that their methods always produces a 
descent direction and converges globally if the Wolfe conditions are satisfied. In the research 
conducted by Sabi'u et el 2017, a new hybrid conjugate gradient parameter for solving the 
system of nonlinear equation by the combination of the Dai-Yuan and Hestenes-Stiefel 
conjugate gradient parameters was suggested. The method solved relatively large-scale 
problems with lower storage requirement compared to some existing methods but yet needs 
improvement on benchmark test problems. For more on Hybrid Conjugate Gradient Coefficient 
and derivative free methods for Solving Nonlinear System of Equations see (Sabi'u et al, 2017; 
Waziri and Jamilu, 2015; Dauda et al, 2017; Waziri and Sabi’u, 2015; Babaie-Kafaki and 
Ghanbaric, 2012; Li and Fukushima, 2000) and the references therein. 

In an effort to solve Newton’s deficiency, A New descent Search Direction via Hybrid 
Conjugate Gradient Coefficient for Solving Nonlinear System of Equations is presented in this 
article. The Search Direction was obtained via a convex combination of the work of Dauda et al 
(2017) and Waziri et el (2015) and extend it to the solution of Nonlinear System of Equations. 
The next section of this paper present the derivation of the proposed method. In section 3, 
report on Implementation of the proposed method and discussion on Numerical results are 
presented. In the last section, conclusion was drawn based on the performance profile. 
 
 
Derivation 
 
The following direction is obtaind as a result of combining CG-Coefficient in the work of Waziri 
and Sabi’u (2015) with Dauda et el. (2016). 

Recall that 𝛽𝑘
𝑀 =

(𝑦𝑘−𝑠𝑘)𝑇𝐹(𝑥𝑘+1)

𝑦𝑘
𝑇𝑑𝑘

 see (Waziri and Jamilu, 2015)    (2) 

and 𝛽𝑘
𝐽 =

(𝜃𝑦𝑘−𝑠𝑘)𝑇𝑔(𝑥𝑘+1)

𝑦𝑘
𝑇𝑑𝑘

  𝜃 =
𝑠𝑘

𝑇𝑠𝑘

𝑠𝑘
𝑇𝑠𝑘

 see (Dauda et al, 2017)     (3) 

as defined. Recalling the classical Newton direction defined by 
𝑑𝑘+1 = 𝐹(𝑥𝑘+1) + 𝛽𝑘𝑑𝑘 where 𝛽𝑘is the CG coefficient  
 

With the concept of convex combination, thus 

𝛽𝑘
𝑛𝑒𝑤 = 𝜇𝛽𝑘

𝑀 + (1 − 𝜇)𝛽𝑘
𝐽
 with 𝜇𝜖[0,1].       (4) 

If 𝜇 = 0, then 𝛽𝑘
𝑛𝑒𝑤 = 𝛽𝑘

𝐽
  

and 

if 𝜇 = 1, then 𝛽𝑘
𝑛𝑒𝑤 = 𝛽𝑘

𝑀.  
For 𝜇𝜖(0,1), supposed we have 𝛽𝑘

𝑛𝑒𝑤 as in (4) 

𝑑𝑘+1 = −𝐹(𝑥𝑘+1) + 𝛽𝑘
𝑛𝑒𝑤𝑑𝑘  
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𝑑𝑘+1 = −𝐹(𝑥𝑘+1) + [𝜇𝛽𝑘
𝑀 + (1 − 𝜇)𝛽𝑘

𝐽
]𝑑𝑘  

Since both directions are descent, then 

𝐹𝑘
𝑇𝑑𝑘 = −𝑐‖𝐹𝑘‖2 thus 

𝐹𝑘+1
𝑇 𝑑𝑘+1 = −𝑐‖𝐹𝑘+1‖2 hence 

𝐹𝑘+1
𝑇 𝑑𝑘+1 = −𝐹(𝑥𝑘+1) + [𝜇𝛽𝑘

𝑀 + (1 − 𝜇)𝛽𝑘
𝐽]𝑑𝑘       (5) 

Multiply both side of (a) by (𝐹𝑘+1
𝑇 )−1 

𝑑𝑘+1 = (𝐹𝑘+1
𝑇 )

−1
(−𝐹(𝑥𝑘+1)) + (𝐹𝑘+1

𝑇 )−1[𝜇𝛽𝑘
𝑀 + (1 − 𝜇)𝛽𝑘

𝐽
]𝑑𝑘     (6) 

Substitute (2) and (3) in (6) thus 
𝑑𝑘+1 =  

(𝐹𝑘+1
𝑇 )

−1
(−𝐹(𝑥𝑘+1)) + (𝐹𝑘+1

𝑇 )
−1

[𝜇
(𝑦𝑘−𝑠𝑘)𝑇𝐹(𝑥𝑘+1)

𝑦𝑘
𝑇𝑑𝑘

+ (1 − 𝜇)
(𝜃𝑦𝑘−𝑠𝑘)𝑇𝑔(𝑥𝑘+1)

𝑦𝑘
𝑇𝑑𝑘

] 𝑑𝑘  𝑖𝑓 𝑘 ≥ 0  (7) 

Therefore, the iterative method used to solve (1) is formed by  

𝑥𝑘+1 = 𝑥𝑘 + α𝑘𝑑𝑘 , 𝑘 = 0,1,2, ⋯,    (8) 

where α𝑘 > 0 is the step-size, 𝑥𝑘 is the iterative point and 𝑑𝑘 is the previous search direction. 

The search direction and the updates are described by (7) and (8) respectively. With 𝐹: 𝑅𝑛 →

𝑅𝑛 satisfying the three (3) in section 1 above, while the scalar parameter 𝛽𝑘
𝑛𝑒𝑤 is the improved 

conjugate gradient coefficient obtained. The use of the function 𝐹(𝑥𝑘+1) approximate the 

gradient ∇𝑓(𝑥𝑘), and avoids computing exact gradient. It is clear that when ‖𝐹(𝑥𝑘)‖ is small, 

then 𝑔𝑘 ≈ ∇𝑓(𝑥𝑘). 

The choice of derivative-free line search used in Zhou and Shen (2014) is the best 

choice to compute the step length 𝛼𝑘 . Therefore, Let 𝜔1  >  0, 𝜔2 >  0 and 𝑞, 𝑟 ∈ (0,1) be 

constants and let {𝜂𝑘} be a given positive sequence such that 

∑ 𝜂𝑘
∞
𝑘=0 < 𝜂 < ∞                 (9) 

𝑓(𝑥𝑘  + 𝛼𝑘𝑑𝑘) −  𝑓(𝑥𝑘) ≤ −𝜔1‖𝛼𝑘𝐹(𝑥𝑘)‖2 − 𝜔2‖𝛼𝑘𝑑𝑘‖2 + 𝜂𝑘𝑓(𝑥𝑘).                (10) 

Let 𝑖𝑘  be the smallest non negative integer 𝑖 such that (10) holds for 𝛼 = 𝑟𝑖. Let 

𝛼𝑘 = 𝑟𝑖𝑘. The following gives the Algorithm of the proposed method. 

 

Algorithm 

Step 1: Given 𝑥0 = 1, 𝜇 = 0.6, 𝜖 = 10−4, set 𝑘 = 0. 

Step 2: Compute 𝐹(𝑥𝑘) and test a stopping criterion i.e. ‖𝐹(𝑥𝑘)‖ ≤ 10−4. If yes, then stop; 
otherwise continue with Step 3: 
Step 3: Compute the step-length 𝛼𝑘  using (9) and (10) 

Step 4: Determine, 𝐵𝑘
𝑛𝑒𝑤  

Step 5: Compute 𝐹(𝑥𝑘+1) and (𝐹𝑇(𝑥𝑘+1))−1 

Step 6: Set 𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘𝑑𝑘. 
Step 7: Compute search direction 𝑑𝑘 using (7) 

Step 8: Consider 𝑘 = 𝑘 + 1, and go to Step 3. 
 
 
Numerical Result and Discussion 
 
In this section, the numerical tests for the proposed method in application to some benchmark 
problems is presented. To ensure the reliability and validity of the method, the performance of 
the proposed method (labelled 𝑀) is compared with conjugate gradient method by Dauda et el. 
(2017) (labelled 𝑀1) and conjugate gradient method by Waziri et el. (2015) (labelled 𝑀2). The 
following parameters are set for the implementation of the results: 

𝜔1 = 𝜔2 = 10−4, 𝑟 = 0.2 and 𝜂𝑘 =
1

(𝑘+1)2. 

All the codes for all the three methods were written in Matlab 7.4 R2010a and run on a 
personal computer 1.8 GHz CPU processor and 4 GB RAM memory. Six benchmark test 
problems with different initial starting points (ISP) and dimensions (DIM) with 10𝑛, 𝑛 = 1,2,3,4,5 
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values were tested and solved. Problems 1-4 are from (Roose, 1990), while 5 and 6 are from 
Mamat et al. (2016) (See appendix). The most famous inexact line search in practice (Zhou and 
Shen, 2014) is used. The line search sufficiently decreased the function values along the ray 
𝑥𝑘 + 𝛼𝑘𝑑𝑘 > 0. i.e. 𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘𝑑𝑘 ≤ 𝐹(𝑥𝑘). 

In the Tables 1-3, the numerical comparison of  all methods are in terms of number of 
iterations (Iter) needed to converge to an approximate solution, CPU time in seconds (TIME) 
and the Norm of the objective function 𝐹 at the approximate solution 𝑥∗ were presented in 
columns respectively.  

The symbol "-" in the tables indicates a failure due to memory shortages or/and when 
the number of iterations exceeds 1000, this entails no solution is reached. The iterations are 

terminated whenever ‖𝐹(𝑥𝑘)‖ ≤ 10−4 is satisfied. 
However, from the table, it can be seen that in most of the experiments, the proposed 

method recorded less number of iterations and less CPU time(s) compared to the other two 
methods. This is due to the search direction is obtained without the computation and storage of 
Jacobian matrices. These remarkable improvement indicates the robustness and efficiency of 
the method, thus gives the scheme aptness to always produce a descent search direction. It is 
worth noting that, the proposed method converges to approximate solutions of problems with 
some of the initial starting point (ISP), these can be seen from Tables. This is also achieved 
from the logical and the good selection of the hybridization parameter 𝛼𝑘. 

Figures 1 and 2 Shows the graphical performance of the entire results. The Figures are 
sketched using Matlab R2013a with data analyzed in Microsoft Excel 2016. Dolan and More 
(2002) performance profiles was adopted to compare the performance of the proposed method 
and other two methods (See Figures 1-2). 
 

Table 1. Numerical Comparison of 𝑀, 𝑀1 and 𝑀2 methods for problem 1 ad 2. 
 

      𝑀     𝑀1     𝑀2   

 Dim  ISP Iter  Time Norm Iter  Time Norm Iter  Time Norm 

1 10 0.2 7 0.029974 5.78E-04 31 0.020822 8.12E-04 10 0.006045 6.84E-05 

  100   8 0.019030 7.31E-04 36 0.007647 8.42E-04 11 0.002768 8.49E-05 

  1000  9 0.004687 9.24E-04 41 0.020315 8.73E-04 13 0.008038 4.14E-05 

  10000  11 0.114284 4.67E-04 46 0.146886 9.04E-04 14 0.061264 5.14E-05 

  100000  12 0.307812 5.91E-04 51 1.732412 9.37E-04 15 0.634616 6.39E-05 

  10 0.9 5 0.001026 7.42E-04 27 0.005472 8.78E-04 11 0.002501 3.99E-05 

  100  6 0.001188 9.37E-04 32 0.007435 9.10E-04 12 0.002964 4.95E-05 

  1000  8 0.003464 4.74E-04 37 0.018337 9.44E-04 13 0.006808 6.15E-05 

  10000  9 0.023079 6.00E-04 42 0.139060 9.78E-04 14 0.057503 7.64E-05 

  100000  10 0.228708 7.58E-04 48 1.593948 8.11E-04 15 0.603471 9.49E-05 

2 10 0.2 5 0.006740 3.86E-04 31 0.025203 - 10 0.013997 4.70E-05 

  100  6 0.002321 1.47E-04 31 0.026398 - 11 0.003108 5.21E-05 

  1000  6 0.003298 4.64E-04 31 0.064822 - 12 0.007429 6.43E-05 

  10000  7 0.025496 1.76E-04 36 1.871130 - 13 0.051324 8.75E-05 

  100000  7 0.255355 5.56E-04 35 140.6098 - 15 0.594499 4.67E-05 

  10 0.9 5 0.001098 4.58E-04 124 0.021183 9.94E-04 9 0.002826 4.95E-05 

  100  6 0.001445 1.74E-04 139 0.027641 9.69E-04 10 0.002959 3.36E-05 

  1000  6 0.003226 5.50E-04 154 0.057261 9.44E-04 11 0.006268 2.41E-05 

  10000  7 0.027749 2.09E-04 168 0.394139 9.95E-04 11 0.040932 7.62E-05 

  100000  7 0.257811 6.60E-04 183 5.132788 9.70E-04 12 0.468681 2.62E-05 
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Table 2. Numerical Comparison of 𝑀, 𝑀1 and 𝑀2 methods for problem 3 ad 4. 
 

     𝑀     𝑀1     𝑀2   

 Dim  ISP Iter  Time Norm Iter  Time Norm Iter  Time Norm 

3 10 0.2 5 0.007880 3.51E-04 39 0.260591 - 9 0.007014 9.11E-05 

  100  6 0.001555 2.22E-04 37 0.033213 - 10 0.002861 9.56E-05 

  1000  6 0.002903 7.03E-04 37 0.086759 - 11 0.006741 7.62E-05 

  10000  7 0.023343 4.44E-04 37 2.112099 - 12 0.056222 7.99E-05 

  100000  8 0.273506 2.81E-04 37 142.4925 - 13 0.633558 6.37E-05 

  10 0.9 4 0.000924 6.76E-04 25 0.004853 8.74E-04 5 0.001823 5.77E-05 

  100  5 0.001744 4.27E-04 30 0.007191 9.06E-04 6 0.001918 8.15E-05 

  1000  6 0.003145 2.70E-04 35 0.017076 9.39E-04 7 0.004520 2.47E-05 

  10000  6 0.019402 8.55E-04 40 0.124208 9.72E-04 7 0.031964 7.82E-05 

  100000  7 0.260632 5.41E-04 46 1.999564 8.06E-04 9 0.452263 1.06E-05 

4 10 0.2 5 0.006751 3.51E-04 39 0.052702 - 9 0.005365 9.11E-05 

  100  6 0.001168 2.22E-04 37 0.028444 - 10 0.003112 9.56E-05 

  1000  6 0.002344 7.03E-04 37 0.071258 - 11 0.005913 7.62E-05 

  10000  7 0.019958 4.44E-04 37 1.873526 - 12 0.040622 7.99E-05 

  100000  8 0.210191 2.81E-04 37 140.1881 - 13 0.467590 6.37E-05 

  10 0.9 4 0.000875 6.76E-04 25 0.004130 8.74E-04 5 0.582910 5.77E-05 

  100  5 0.001102 4.27E-04 30 0.007141 9.06E-04 6 0.012311 8.15E-05 

  1000  6 0.002571 2.70E-04 35 0.014490 9.39E-04 7 0.031729 2.47E-05 

  10000  6 0.018040 8.55E-04 40 0.098346 9.72E-04 7 0.112399 7.82E-05 

  100000  7 0.194157 5.41E-04 46 1.514717 8.06E-04 9 0.357280 1.06E-05 

 
Table 3. Numerical Comparison of 𝑀, 𝑀1 and 𝑀2 methods for problem 5 ad 6. 

 

     𝑀     𝑀1     𝑀2   

 Dim  ISP Iter  Time Norm Iter  Time Norm Iter  Time Norm 

5 10 0.2 2000 0.238044 0.1974 112 0.027648 9.94E-04 8 0.013481 7.55E-05 

  100  2000 0.277768 0.6243 127 0.035844 9.69E-04 10 0.002987 4.72E-07 

  1000  2000 0.729098 1.9741 142 0.064516 9.44E-04 10 0.010842 1.49E-06 

  10000  2000 5.708984 6.2426 156 0.469077 9.95E-04 10 0.051874 4.72E-06 

  100000  2000 68.898187 19.7408 171 6.504744 9.70E-04 10 0.464678 1.49E-05 

  10 0.9 2000 0.226144 0.1216 30 0.006853 9.13E-04 7 0.003896 2.49E-05 

  100  2000 0.289621 0.3845 35 0.006963 9.47E-04 7 0.002062 7.86E-05 

  1000  2000 0.810016 1.216 40 0.021452 9.81E-04 8 0.006757 8.99E-05 

  10000  2000 5.595398 3.8452 46 0.140034 8.13E-04 10 0.046637 6.12E-05 

  100000  2000 65.461812 12.1595 51 1.947417 8.43E-04 11 0.527849 1.09E-06 

6 10 0.2 8 0.045419 7.53E-04 28 0.016831 8.26E-04 10 0.059030 5.05E-05 

  100  10 0.003527 4.06E-04 33 0.007480 8.29E-04 10 0.002714 6.48E-05 

  1000  11 0.003839 5.17E-04 38 0.019901 8.56E-04 11 0.007156 5.92E-05 

  10000  12 0.037682 6.55E-04 43 0.179768 8.87E-04 12 0.074682 7.03E-05 

  100000  13 0.364561 8.28E-04 48 2.121760 9.19E-04 13 0.652322 8.70E-05 

  10 0.9 14 0.001905 4.29E-04 2000 0.348713 1.1412 12 0.003284 6.58E-05 

  100  16 0.002461 6.91E-04 2000 0.419275 4.4653 13 0.003611 4.66E-05 

  1000  19 0.007444 4.78E-04 2000 1.136226 16.4158 14 0.010835 5.15E-05 

  10000  21 0.070103 6.88E-04 2000 9.293672 52.3308 15 0.071868 6.31E-05 
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  100000  23 0.829604 8.55E-04 2000 96.63993 154.1355 16 0.814324 7.83E-05 

 
The comparison was based on the number of iterations and Time (CPU time is 

seconds). In Figure 1, the line labelled 𝑀 was at the top of the other line of 𝑀1 and 𝑀2, this 
indicates the performance of methods 𝑀 outperformed that of 𝑀1 and 𝑀2, thus the proposed 
method is efficient with respect to the number of iterations. 
 

 
Figure 1. Performance profile of 𝑀1 and 𝑀2 methods compared to method 𝑀 with respect to the number 

of iterations. 

 

 
Figure 2. Performance profile of 𝑀1 and 𝑀2 methods compared to method 𝑀 with respect to the CPU 

time. 

 
Also, in Figure 2, the same process shows the performance of methods 𝑀 in terms of 

CPU time outperformed that of 𝑀1 and 𝑀2, only that in some instances the method 𝑀1 and 𝑀2 
compete with the proposed method, yet the proposed method is best in term of CPU time as 
the dimension increases. In general, the performance profile of Dolan and More′ shows that the 
hybrid of Dauda et al. (2017) and Waziri et al. (2015) outperformed the individual performance 
of Dauda et al. (2017) and Waziri et al. (2015) both in number of iteration and the CPU time 
with increase in dimension. For more details on performance profile, see (Mor´e and Wild, 
2009). 
 
 
Conclusion 
 
The nonlinear system of equations are very interesting and essential in many disciplines. In this 
research, a new direction via hybrid conjugate gradient method for solving large-scale system 
of nonlinear equations was presented. The search direction was uniquely obtained and satisfies 
the sufficient descent property. The method is completely derivative-free. The main aim of this 
paper is to proffer solution to overcome the drawbacks bedeviling the solution of nonlinear 
systems of equations.  

The proposed method addressed these problems practically and reduced the 
computational costs, storage requirements and processing time (CPU time) immensely. When 
applied on some benchmark problems (see appendix), the proposed method solved problems 
both in terms of CPU time and in terms of number of iterations respectively. The method is very 
suitable, efficient and accurate, hence recommended for solving large-scale problems whose 
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Jacobians are very difficult to compute or not available. An ardent researcher may however 
extend the proposed method to non-smooth equations. This will enhance the scheme to solve 
nonlinear equations with larger dimensions. 
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Appendix 
In this section, the following test problems are used for the numerical experiments. The 

mapping 𝐹 is taking as (𝑥) = (𝑓1(𝑥); 𝑓2(𝑥); ⋯ ; 𝑓𝑛(𝑥))𝑇 ; and 𝑥 = (𝑥1; 𝑥2; ⋯ ; 𝑥𝑛)𝑇 . The test 
problems are taken from the Estonian test problem collection (Mamat et al, 2016) and (Roose, 
1990). 
 
1. (Allgower-Georg) 

𝑓1(𝑥) = (𝑥1 − 𝑥2
2)(𝑥1 − 𝑠𝑖𝑛 (𝑥2)), 

𝑓2(𝑥) = (𝑐𝑜𝑠 (𝑥2) − 𝑥1)(𝑥2 − 𝑐𝑜𝑠 (𝑥1)). 

2. (Brezinski) 

𝑓1(𝑥) = −𝑥1  +  0.5𝑥2
2 − 1.5, 

𝑓2(𝑥) = −𝑥2 + 0.605 𝑒𝑥𝑝 (1 − 𝑥1
2) +  0.395. 

3. (Weber-Werner) 

𝑓1(𝑥) = 𝑥1
2 − 2𝑥1  + 

1

3
𝑥2

3 +
2

3
, 

𝑓2(𝑥) = 𝑥1
3 − 𝑥1𝑥2 −  2𝑥1 +  0.5𝑥2

2 +  1.5. 
4. (Powell) 

𝑓1(𝑥) = 𝑥1, 

𝑓2(𝑥) =
10𝑥1

𝑥1 + 0.1
+ 2𝑥2

2. 

5. (Freudenstein) 

𝑓1(𝑥) =  −13 + 𝑥1 +  ((−𝑥2 +  5)𝑥2 −  2)𝑥2, 

𝑓2(𝑥)  =  −29 + 𝑥1  +  ((𝑥2  +  1)𝑥2 −  14)𝑥2. 

6. (Powell) 

𝑓1(𝑥) = 10, 000𝑥1𝑥2 − 1, 

𝑓2(𝑥) = 𝑒𝑥𝑝 (−𝑥1) + 𝑒𝑥𝑝 (−𝑥2) − 1.0001. 
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