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Abstract 
 

In recent times, conjugate gradient method (CG) have been broadly used to solve nonlinear 
unconstrained minimization problems as a result of fewer storage locations and computational expensive 
in dealing with large-scale problems. In this work, we present a spectral PRP CG method which derived 
from the CG search direction without secant condition and utilized some of the benchmark test problem 
functions with several variables to prove its global convergence properties and satisfies sufficient descent 
condition, the results are validated by exact line search techniques.  

 
Keywords: Sufficient descent property; exact line search; spectral CG; global convergence.  

 
 
Introduction 
 
The CG method nowadays is the standard method for solving large-scale unconstrained 
optimization problems, one of the most important characteristics is to solve a large number of 
problems within the shortest period of time and less number of iterations. CG methods simply 
require a small storage location and are less computational expensive since they do not use the 
Hessian matrix or its approximation as normally used in other minimization methods. The CG 
method has rapid global convergent properties. The peculiarity of this method is paramount due 
to its simplicity in both algebraic processes and the development of computer codes. Therefore, 
the method is effective and capable in solving large-scale unconstrained minimization problems 
(Andre, 2008). In recent times, Birgin and Martinez (2011) introduced a spectral CG method and 
they computed their spectral parameter using standard secant equation as initially used by 
(Barzilai and Borwein, 1988). Spectral CG method combines CG search direction and scalar 
spectral parameter to construct a new search direction, see (Yakubu et al., (2018a, b, c); Abba 
et al., (2018); Zull et al., (2015); Hu (2013); Wu (2015); Abashar, (2014); Zhang, (2006); Du et 
al. (2011); Andrei (2008); and Raydan et al. (1997)), for more details. 
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𝑚𝑖𝑛 𝑓(𝑥), 𝑥 ∈ 𝑅𝑛                                                                                        (1) 
 
where 𝑓: 𝑅𝑛  → 𝑅 is continuous as well as differentiable, g𝑘 is a gradient vector of 𝑓 and initial 

point 𝑥0 ∈ 𝑅𝑛 are solved iteratively using recurrence expression below 
 

  𝑥𝑘+1 = 𝑥𝑘 + 𝛾𝑘𝑑𝑘 ,       𝑘 = 0,1,2,3,4, …                                                     (2) 
 

the vector 𝑥𝑘 stand for a current iteration and  𝑥𝑘+1 is a new iteration, 𝛾𝑘 > 0  represent a step 
size obtained by the line search method given as 
 

𝛾𝑘 =  𝑎𝑟𝑔 min
𝛾>0

𝑓(𝑥𝑘 + 𝛾𝑑𝑘)                                                                          (3) 

also 𝑑𝑘 is a search direction  

𝑑𝑘 =  {
−g𝑘,                          𝑖𝑓 𝑘 = 0
−g𝑘 + 𝛽𝑘𝑑𝑘−1,       𝑖𝑓 𝑘 ≥ 1

                                                           (4) 

 
g𝑘 = ∇𝑓(𝑥), parameter 𝛽𝑘 ∈ 𝑅 are the gradient vector as well as CG coefficient respectively. A 
classical 𝛽𝑘 of PRP is given below: 

 

𝛽𝑘
𝑃𝑅𝑃 =  

g𝑘
𝑇(g𝑘 − g𝑘−1)

‖g𝑘−1‖2
                                                                               (5) 

 
where g𝑘 and g𝑘−1 in the above equations are gradient vectors of function 𝑓 at points  𝑥𝑘 , 𝑥𝑘−1 

respectively, and ‖. ‖ represent a Euclidian norm. PRP method is the best CG method amongst 
others but in general, the convergence analysis for a nonlinear function is uncertain Zhang, 
(2006). 
Nevertheless, Nocedal, (1992) established a global convergence result of the PRP method by 

limiting a scalar 𝛽𝑘 to be non-negative that is 𝛽𝑘
𝑃𝑅𝑃 = 𝑚𝑎𝑥{0, 𝛽𝑘

𝑃𝑅𝑃}. In this work, a new spectral 

PRP (SpPRP) CG method is presented without using the secant equation and verified its 
performance with recent spectral PRP (RSPRP) developed by Wu, (2015) and PRP CG 
methods.   
      
                
Details of SpPRP CG Methods  
 
Spectral CG method is suggested initially by Barzilai and Borwein, (1988) the direction is 
produced as  𝑑𝑘 = −𝜑𝑘 g𝑘 + 𝛽𝑘𝑠𝑘−1, where 𝑠𝑘−1 = 𝛾𝑘−1𝑑𝑘−1  and 𝜑𝑘 is a spectral scalar 
parameter. The recent articles by Yakubu et al., (2018a) and Zull et al., (2015) motivate the 
researcher’s on this piece of work to determine the SpPRP CG method, where the search 
direction is defined as  

 

𝑑𝑘 =  {
 −g𝑘 ,                                          𝑖𝑓 𝑘 = 0

−𝜑𝑘g𝑘 + 𝛽𝑘
𝑃𝑅𝑃𝑑𝑘−1,              𝑖𝑓 𝑘 ≥ 1

                                      (6) 

 

From the above search direction (6), 𝑑𝑘 = −𝜑𝑘g𝑘 + 𝛽𝑘
𝑃𝑅𝑃𝑑𝑘−1 → 𝑑𝑘 − 𝛽𝑘

𝑃𝑅𝑃𝑑𝑘−1  =

−𝜑𝑘g𝑘 using the fact that 𝑑𝑘 = −g𝑘 also from equation (6) and substituting equation (5) we 

have,   
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𝜑𝑘 = 1 − 
g𝑘

𝑇𝑑𝑘−1

g𝑘−1
𝑇 𝑑𝑘−1

                                                                                  (7) 

 

Recall that the orthogonality of gradients  g𝑘
𝑇g𝑘−1 = 0, thus 𝜑𝑘 is a new spectral 

parameter computed by exact line search technique. 

 

Algorithm 1 (SpPRP CG Method) 

Step 1: Given a starting point 𝑥0 ∈ 𝑅𝑛 set 𝑘 = 0 

Step 2: Compute 𝛽𝑘 
as given in formula (5) above 

Step 3: Compute 𝑑𝑘 given as in (6). If ‖g𝑘‖ = 0, then stop. 

Step 4: Compute 𝛾𝑘 given in equation (3). 
Step 5: Update the new point as given in the recurrence expression (2). 
Step 6: If 𝑓(𝑥𝑘+1) < 𝑓(𝑥𝑘) and ‖g𝑘‖ < 𝜀 then stop, otherwise go to step 1 with 𝑘 = 𝑘 + 1. 
 
 
Global Convergence Analysis  

 
A. Sufficient Descent Condition 

 
Sufficient descent condition ensures that global convergence of iterative procedures or algorithm 
is achieved. Therefore, the following inequality must hold true. 
 

g𝑘
𝑇𝑑𝑘 ≤ −𝐶‖g𝑘‖2       𝑓𝑜𝑟 𝑘 ≥ 0 𝑎𝑛𝑑 𝐶 > 0                                          (8) 

 

Theorem 1.1. Suppose a CG method with search direction (6) and 𝛽𝑘
𝑃𝑅𝑃 given by (5), the 

condition (8) holds  ∀ 𝑘 ≥ 0. 
 

Proof.  We proceed by induction, since  g0
𝑇𝑑0 = −‖g0‖2, the condition (8) satisfied as 𝑘 = 0. Now 

we assume it is true for 𝑘 ≥ 0. Also, the inequality (8) as well hold, from the search direction (6) 

multiply both sides by g𝑘+1
𝑇  and substitute (7) it will gives 

 

g𝑘+1
𝑇 𝑑𝑘+1 = − (1 −  

g𝑘
𝑇𝑑𝑘−1

g𝑘−1
𝑇 𝑑𝑘−1

) ‖g𝑘+1‖2 + 𝛽𝑘
𝑃𝑅𝑃g𝑘+1

𝑇 𝑑𝑘 

 

It is known from the conjugacy conditions  g𝑘+1
𝑇 𝑑𝑘 = 0. Hence for constant 𝐶 = 1 condition (8) is 

true for 𝑘 + 1. ∎  
 
B. Global Convergence Properties 

 
The assumptions below applied to the objective function for the analysis of a global convergence 
properties of a general CG method.  

 
Assumptions 1.1. (i) A level set Ω = {𝑥 ∈ 𝑅𝑛 ∣ 𝑓(𝑥) ≤ 𝑓(𝑥0)} is bounded, the function 𝑓 is 
continuously differentiable in a neighbourhood 𝑁 of the level set Ω and 𝑥0 is a starting point. 

(ii) g(𝑥) is globally Lipschitz continuous in 𝑁 that is ∃ a constant 𝐿 > 0, such that  ‖g(𝑥) −
g(𝑦)‖ ≤ 𝐿‖𝑥 − 𝑦‖ for any 𝑥, 𝑦 ∈ 𝑁. 
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Lemma 1.1. Suppose the assumptions 1.1 holds and consider any recurrence expression (2) 
and search direction (6), 𝛾𝑘 is found in equation (3). Then Zoutendijk condition below holds. 

∑
(g𝐾

𝑇 𝑑𝑘)2

‖𝑑𝑘‖2

∞

𝑘=0

< ∞                                                                                       (9) 

 
Proof of this Lemma is given in Zoutendijk, (1970). 
 
Theorem 1.2. Suppose the assumptions 1.1 holds, for any  {𝑥𝑘}, {𝑑𝑘} be given as SpPRP 

CG method, 𝛾𝑘 are determined by equation (3) and 𝛽𝑘 in equation (5). Then  
 

lim
𝑘→∞

‖g𝑘‖ = 0                                                                                           (10) 

 
Proof. From the search direction equation (6), square both sides we have, 
 

(𝑑𝑘+1 + 𝜑𝑘g𝑘+1)2 = (𝛽𝑘
𝑃𝑅𝑃𝑑𝑘)

2
  

‖𝑑𝑘+1‖2 = (𝛽𝑘
𝑃𝑅𝑃)

2
‖𝑑𝑘‖2 − 2𝜑𝑘g𝑘+1

𝑇 𝑑𝑘+1 − 𝜑𝑘
2‖g𝑘+1‖2                (11) 

 

Substituting equation (5) into (11), recall that g𝑘+1
𝑇 𝑑𝑘+1 = −𝐶‖g𝑘+1‖2 and rewrite (11) as 

 

‖𝑑𝑘+1‖2 =
‖g𝑘+1‖4

‖g𝑘‖4
‖𝑑𝑘‖2 − ‖g𝑘+1‖2(𝜑𝑘

2 − 2𝐶𝜑𝑘)                          (12) 

 

Multiply both sides of equation (12) by  
‖g𝑘+1‖2

‖𝑑𝑘+1‖2 , we get 

 

‖𝑑𝑘+1‖2‖g𝑘+1‖2

‖𝑑𝑘+1‖2 =
‖g𝑘+1‖4

‖𝑑𝑘+1‖2 ((2𝐶𝜑𝑘 − 𝜑𝑘
2) +

‖g𝑘‖4

‖g𝑘−1‖4
‖𝑑𝑘‖2)                 (13)   

 

Substituting (7) in (13) and note that from the conjugacy conditions  g𝑘+1
𝑇 𝑑𝑘 = 0 we have, 

 
‖𝑑𝑘+1‖2‖g𝑘+1‖2

‖𝑑𝑘+1‖2
≤

‖g𝑘+1‖4

‖𝑑𝑘+1‖2
                                                                     (14) 

 
Thus, from the Lemma 1.1 above. It implies that Theorem 1.2 does not hold true, then 

lim
𝑘→∞

(g𝑘+1
𝑇 𝑑𝑘+1)

2

‖𝑑𝑘+1‖2 = ∞ and from equation (14) this is true ∞ ≤
‖g𝑘+1‖4

‖𝑑𝑘+1‖2. So Theorem 1.2 is true for a 

sufficient large 𝑘. ∎ 
 
 
Numerical Results 
 
In this section, we test the Algorithm 1 above and compared its performance with the recent 
spectral PRP (RSPRP) developed by Wu, (2015) and classical PRP CG methods. The 
comparisons are arranged on CPU time and number of iterations in each test function. The 

stopping criteria used for both methods is 𝜀 = 10−6  as suggested by Hillstrom, (1977) 
and ‖g𝑘‖ < 𝜀. A standard test problem functions in Yakubu et al., (2018a) and Andrei (2008) 
were utilised and established a problems in Table 1 below with four different initial values using 
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MatlabR2015 subroutine programming by Intel® Core™ i5-3317U (1.7GHz with 4 GB (RAM)). In 
this work, failure is represented due to (i) memory requirement (ii) number of iterations exceed 
1000 (iii) CPU time running in seconds reaches 1000 (iv) Line search method failed to find the 
step size or step length 𝛾𝑘. The results shown in a Fig. 1 and Fig. 2 below are performance 
framework introduced by Dolan and More, (2002). Performances are measured based on CPU 
time running in seconds and number of iterations respectively. Therefore, the highest value of a 
percentage probability 𝑃𝑠(𝑡) indicated in the Fig. 1 and Fig. 2 below will be regarded as the best 
performing method and so also the method that reached the top foremost is consider most 
sophisticated upon all the CG methods. 
 

Table1. Standard Test Problems functions 
 

Functions Dimensions Initial points 

Trecanni 2 (5,5), (8,8), (-11,-11), (-15,-15) 

Leon 2 (4,4), (-4,-4), (6,6), (-10,-10) 

Extended Penalty 2,4,10,50 (2,2), (-2,-2), (5,5), (-5,-5) 

Ext. quadratic penalty QP2 
 
 

10,100 (2,2), (6,6), (8,8), (-10,-10) 

Ext. quadratic penalty QP1 10,100 (5,5), (-5,-5), (8,8), (-8,-8) 

Power 2,4,50,100 (5,5), (5,5), (100,100), (100,-100) 

Extended Himmelblau 10000 (2,2), (-2,-2), (25,25), (-25,-25) 

Quadratic QF1 10,100,1000,10000 (2,2), (6,6), (8,8), (10,10) 

Rosenbrock 2,4,10,100,1000,10000 (5,5), (13,13), (20,20), (40,40) 

White and Holst 2,4,10,100,1000,10000 (2,2), (5,5), (9,9), (-9,-9) 

Shallow 2,4,10,100,1000,10000 (100,100),(200,200), (400,400),(500,500) 

Freud. & Roth 2,4,10,100,1000,10000 (7,7), (11,11), (13,13), (25,25) 

 

Figure 1. Performance framework based on the number of iterations 

t

e0 e1

P
s(t

)

0.0

0.2

0.4

0.6

0.8

1.0

SpPRP

PRP

RSPRP

 



Malaysian Journal of Computing and Applied Mathematics 2019, Vol 2(1): 34-41 
©Universiti Sultan Zainal Abidin 
(Online) 

 

39 
 

 

 
Figure 2. Performance framework based on CPU time. 

 
It is certain that the spectral PRP (SpPRP) CG method has performed wonderfully since 

it solved the entire test problem functions used in table 1 above, the method also has complete 
potentials when compared with RSPRP and PRP CG methods. Fig.1 and Fig.2 shows that 
SpPRP, PRP and RSPRP CG methods successfully reached the solution point but  nevertheless 
the SpPRP method has the highest probability of being the fastest optimum solver on 
approximately 𝑃𝑠(𝑡) = 60% and 65% respectively of the standard test problem functions used in 
this paper. Denoting the ‘‘successful’’ in the Table 2 and Table 3 meaning that SpPRP CG 
method has less number of iterations and less CPU time compared to RSPRP and PRP CG 
methods while denoting the ‘‘failed’’ meaning that SpPRP method produces more iterations and 
consumes more CPU time as compared to RSPRP and PRP CG methods. If the SpPRP CG 
method provides the same number of iterations or CPU time with RSPRP and PRP CG methods 
then it's equivalent. For both Table 2 and Table 3, the results are presented in percentages as 
follows. The highest value of percentage indicated that the method will be victorious over the 
other methods. 
 

Table 2. Percentage Performance of SpPRP against RSPRP, PRP CG Methods on Number of Iterations 

 
Therefore, SpPRP CG method in Table 2 above solves entirely the test problem 

functions with the highest percentage of success and its corresponding equivalent of 83.72% 
compared to RSPRP CG method, 88.97% compared with renowned PRP CG method in terms 
of a number of iterations. 
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               Method 

Comparison of the Methods (%) 

RSPRP PRP   

 
SpPRP 

Successful 67.44 79.67 

Equivalent 16.28  9.30  

 Failed 16.28 11.03 
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Table 3. Percentage Performance of SpPRP against RSPRP, PRP CG Methods on CPU time 

 

Consequently, the percentage of success and its corresponding equivalent of SpPRP 
method based on CPU time is 100% as compared with the RSPRP CG method and 72.09% 
compared to the famous PRP CG method. Hence, the overall average percentage of success 
for both a number of iterations and CPU time of SpPRP method is 79.08% and 86.20% for the 
average success and its corresponding equivalent. In the end, the new method has absolute 
potentials as compared with RSPRP and PRP CG methods. Certainly, the efficiency of the 
SpPRP CG method is highly applauded. 
 
 
Conclusion 
 
The proposed spectral PRP (SpPRP) CG method converges globally. The method overcomes 
the shortcomings of the recent spectral PRP and classical PRP CG method and the numerical 
results apparently show that the method performed admirably in terms of CPU time running in 
seconds and number of iterations reserved to achieve a sufficient decrease in the objective 
function. 
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