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Abstract: Quasi Newton’s method is among the most promising algorithm for solving systems of 
nonlinear equations. In this family, Broyden’s method update is the famous. This paper presents a 
simple conjugate gradient (CG) method for solving large-scale systems of nonlinear equations via 
memoryless Broyden’s approach. The attractive attribute of this method is due to its low memory 
requirements, global convergence properties and simple implementation. Under suitable conditions, 
the proposed method converges globally. Numerical performance of the proposed method are 
compared with the well-known conjugate gradients (CG) methods using benchmarks problems and 
are based on number of iteration and the CPU time. These are coded using MATLAB and run on a 
personal computer 2.4GHz, Intel (R) Core (TM) i7-5500U CPU processor, 4GB RAM memory and on 
an Acer Aspire with a Windows 7 operating system. The report demonstrate that the proposed 
method is reliable, efficient and competitive. 
 
Keywords: Conjugate Gradient, Broyden’s Update, Global Convergence, Nonlinear Equations, 
Approximation. 

 
 
1. INTRODUCTION 
 
Let us consider the system of nonlinear equations 
 

𝑔(𝑥) = 0, 𝑥 ∈ 𝑅𝑛         (1) 
  
where 𝑔: Rn → Rn is continuously differentiable mapping. Suppose that for each 𝑥 ∈ Rn, the Jacobian 𝑔′(𝑥) 
of 𝑔 at 𝑥 is symmetric. The prominent method for finding the solution of (1) is the classical Newton’s method 
which generates a sequence of iterates {𝑥𝑘} from a given initial point 𝑥𝑜via 

 

𝑥𝑘+1 = 𝑥𝑘 − (𝑔′(𝑥𝑘))
−1

𝑔(𝑥𝑘),    𝑘 =  0,1,2, ⋯.      (2) 

where 𝑔′(𝑥𝑘) is the Jacobian matrix of g at 𝑥𝑘 . 
The attractive features of this method are rapid convergence and easy to implement. Nevertheless, 

Newton’s method requires the computation of the matrix entails the first order derivatives of the systems. In 
practice, computations of some functions derivatives are difficult and sometimes they are not available or 
could not be done precisely. In this case, Newton’s methods cannot be applied directly [4,9 10,14,16]. 

The CG methods for solving nonlinear systems of equations generates an iterative point {𝑥𝑘} from initial 
given point 𝑥𝑜 via 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘𝑑𝑘        (3) 
 
where 𝛼𝑘 > 0 is attained via line search and direction 𝑑𝑘 are obtained using 
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𝑑𝑘+1 = {
−𝑔(𝑥𝑘)     𝑖𝑓 𝑘 = 0

−𝑔(𝑥𝑘+1) − 𝛽𝑘𝑑𝑘  𝑖𝑓 𝑘 ≥ 0
       (4) 

 
where 𝛽𝑘  is term as conjugate gradient parameter and 𝑑𝑘 is assumed to be a decent direction. Different 
conjugate gradients methods correspond to different choices for the scalar𝛽𝑘exists. The following are some 
examples of conjugate gradients parameters [20]. 
 

𝛽𝑘
𝐶𝐷 =

𝑔𝑘+1
𝑇 𝑔𝑘+1

𝑔𝑘
𝑇𝑑𝑘

,   𝛽𝑘
𝐷𝑌 =

𝑔𝑘+1
𝑇 𝑔𝑘+1

𝑦𝑘
𝑇𝑠𝑘

,  𝛽𝑘
𝑃𝑅 =

𝑔𝑘
𝑇𝑦𝑘

𝑔𝑘
𝑇𝑔𝑘

, 

𝛽𝑘
𝐿𝑆 =

𝑦𝑘
𝑇𝑔𝑘+1

𝑔𝑘
𝑇𝑑𝑘

,   𝛽𝑘
𝐹𝑅 =

𝑔𝑘+1
𝑇 𝑔𝑘+1

𝑔𝑘
𝑇𝑔𝑘

,  𝛽𝑘
𝐻𝑆 =

𝑔𝑘+1
𝑇 𝑦𝑘

𝑑𝑘
𝑇𝑦𝑘

, 

 
All these methods satisfy the conjugacy condition, for more details on CG, ([6,4,17]). Moreover, some 

substantial efforts have been made by numerous researchers [7,8,11,13,18,19,20] in order to eliminate the 
well-known shortcomings of Newton’s method for solving nonlinear systems of equations. Most of these 
modifications of Newton’s method still have some shortfalls as Newton’s counterpart. For example, 
Broyden’s method need to store an 𝑛 × 𝑛 matrix and their floating points operations are 𝑂(𝑛2) respectively. 
Note that the most crucial initiative common to all these efforts is forming and storing a full matrix of Jacobian 
approximation (directly or indirectly), which can be very costly when handling large scale system, this leads 
to the idea of this paper. In this paper, we proposed a simple CG algorithm for solving large scale systems 
of nonlinear equations by a modification of the Broyden’s inverse approximations restarted as identity matrix 
at every step. The method maintained low memory requirement, global convergence properties and simple 
to implement. Convergence results are presented in Section 3. Some numerical results are reported in 
Section 4. Finally, conclusions are made in Section 5. 
 
 
2. A SIMPLE CONJUGATE GRADIENT METHOD VIA BROYDEN’S UPDATE (SCG) 
 
This section presents a simple CG method for solving large-scale systems of nonlinear equations via 
memoryless Broyden’s update. In general, quasi Newton method is an iterative method that generates a 
sequence of points {𝑥𝑘} from a given initial point xo via the following 
 

𝑥𝑘+1 = 𝑥𝑘 − 𝛼𝑘(𝛽𝑘)−1𝑔(𝑥𝑘),     𝑘 =  0,1,2, . ..     (5) 
  
where 𝛽𝑘  is an approximation to the Jacobian which is updated at each iteration for 𝑘 = 0,1,2, ⋯, the updated 
matrix 𝛽𝑘+1 is chosen in such a way that it satisfies the secant equation 
 

𝐵𝑘+1𝑠𝑘 = 𝑦𝑘 , 𝑠𝑘 = 𝑥𝑘+1 − 𝑥𝑘 and 𝑦𝑘 = 𝑔(𝑥𝑘+1) − 𝑔(𝑥𝑘)    (6) 
 

from (5), the updated formula for the Broyden matrix 𝐵𝑘 is given as [1,8]: 
 

𝐵𝑘+1 = 𝐵𝑘 +
(y𝑘−B𝑘s𝑘)s𝑘

𝑇

𝑠𝑘
𝑇𝑠𝑘

         (7) 

 
The inverse version of Broyden’s method is represented as 
 

B𝑘+1
−1 = B𝑘

−1 +
(s𝑘−B𝑘

−1y𝑘)y𝑘
𝑇

𝑦𝑘
𝑇𝑦𝑘

        (8) 

 
Alternatively, (8) can be rewritten as follows, whenever B𝑘+1

−1 = 𝑄𝑘+1 
 

𝑄𝑘+1 = 𝑄𝑘 +
(s𝑘−𝑄𝑘y𝑘)y𝑘

𝑇

𝑦𝑘
𝑇𝑦𝑘

         (9) 
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Here we consider the matrix 𝑄𝑘+1 as Broyden’s update. The ultimate motivation of using this update is due 
to its quality Jacobian approximation, good convergence properties and simple implementation. Recall that 
from equation (9) and by letting 
 

𝑄𝑘 ≈ 𝐼          (10) 
 
This transforms (9) to 
 

𝑄𝑘+1 = I +
(s𝑘−𝐼y𝑘)y𝑘

𝑇

𝑦𝑘
𝑇𝑦𝑘

         (11) 

 
We further multiply both side of (11) by 𝑔(𝑥𝑘+1) to obtain 
 

𝑄𝑘+1𝑔(𝑥𝑘+1) = 𝑔(𝑥𝑘+1) +
(s𝑘−𝐼y𝑘)y𝑘

𝑇𝑔(𝑥𝑘+1)

𝑦𝑘
𝑇𝑦𝑘

      (12) 

 
Observe from (12), the quantity 𝑄𝑘+1𝑔(𝑥𝑘+1) is the direction 𝑑𝑘+1 [8]. Thus, can be written as 
 

𝑑𝑘+1 = 𝑄𝑘+1𝑔(𝑥𝑘+1)         (13) 
 

Hence, we have 
 

𝑑𝑘+1 = 𝑔(𝑥𝑘+1) +
(s𝑘−y𝑘)y𝑘

𝑇𝑔(𝑥𝑘+1)

𝑦𝑘
𝑇𝑦𝑘

       (14) 

 
Equation (14) can be rewritten as 

𝑑𝑘+1 = 𝑔(𝑥𝑘+1) + θ𝑘ρ𝑘 with θ𝑘 =
y𝑘

𝑇𝑔(𝑥𝑘+1)

𝑦𝑘
𝑇𝑦𝑘

 and ρ𝑘 = s𝑘 − y𝑘 

Finally,  
  𝑥𝑘+1 = 𝑥𝑘  + 𝛼𝑘𝑑𝑘              (15) 

 
where 𝛼𝑘 > 0 is attained via line search strategy  
 

||𝑔(𝑥𝑘  + 𝛼𝑘𝑑𝑘)||  ≤  𝜎||𝑔(𝑥𝑘)||,        (16) 
 
while the new direction is obtained via the following 
 

𝑑𝑘+1 = {
𝑔(𝑥𝑘)                           𝑖𝑓 𝑘 = 0

𝑔(𝑥𝑘+1) + θ𝑘ρ𝑘        𝑖𝑓 𝑘 ≥ 1
              (17) 

 
with 𝜃𝑘 and 𝜌𝑘 as defined in (14). Now the algorithm for the proposed method is as follows 
 
Algorithm SCG Method 
Step 1: Given 𝑥0, 𝛼 > 0, 𝜎 ∈ (0,1) and 𝜖 > 0 compute 𝑑𝑜 = −𝑔𝑜 , set 𝑘 = 0. 
Step 2: Compute 𝑔(𝑥𝑘) and test the stopping criterion, i.e. ||𝑔(𝑥𝑘)|| ≤ 𝜖, If yes, then stop, otherwise continue 
with step 3 
Step 3: Compute 𝛼𝑘 by using the line search condition (16) that: if ||𝑔(𝑥𝑘  + 𝛼𝑘𝑑𝑘)||  ≤  𝜎||𝑔(𝑥𝑘)||, retain 𝛼𝑘  

and goto 4. Else set 𝛼𝑘+1 =
𝛼𝑘

2
 and repeat 3. 

Step 4: Compute 𝑥𝑘+1 = 𝑥𝑘  + 𝛼𝑘𝑑𝑘 . 
Step 5: Compute search direction using (17) 
Step 6: Set 𝑘 = 𝑘 + 1 and go to step 2 
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3. CONVERGENCE RESULT OF THE PROPOSED SCG ALGORITHM 
 
In this section, the global convergence result of the proposed algorithm is established using the line search 
||𝑔(𝑥𝑘  + 𝛼𝑘𝑑𝑘)||  ≤  𝜎||𝑔(𝑥𝑘)|| above. 
 
Definition 
Let Ω be the level set defined by 

Ω = |𝑥| ∥ 𝑔(𝑥) ∥ ≤  √∥ 𝑔(𝑥) ∥2 +  𝛾 

where 𝛾 is a positive constant. 
 
Assumption 3.1 
In order to get global convergence of the proposed SCG algorithm, the following assumptions are needed. 

(i) The level set Ω = |𝑥|‖𝑔(𝑥)‖ ≤ √∥ 𝑔(𝑥) ∥2 +  𝛾 is bounded; 

(ii) In some neighborhood of Ω, 𝑔(𝑥) is Lipschits continuous, i.e. there exists a constant 𝐿 > 0 such that 
for any 𝑥, 𝑦 ∈ Ω, 

∥ 𝑔(𝑥) − 𝑔(𝑦) ∥ ≤ 𝐿(∥ 𝑥 − 𝑦 ∥)       (18) 
(iii) There exists a positive constant 𝑚1, such that 

∥ 𝑔(𝑥𝑘) ∥ ≤  𝑚1, ∀𝑥 ∈ Ω.        (19) 
This shows that the sequence∥ 𝑔(𝑥𝑘) ∥ is bounded. 

 
Lemma 3.1 
Supposed that assumption 3.1 holds and {𝑥𝑘} is generated by the SCG algorithm, then 

(i) lim
𝑘→∞

||𝛼𝑘𝑑𝑘|| = 0 and (ii) lim
𝑘→∞

||𝜌𝑘|| = 0       (20) 

where 𝜌𝑘 = 𝑠𝑘 − 𝑦𝑘 as defined in (15) 
 
Proof 
(i) By using Lipschitz continuity (18): 

∥ 𝑔(𝑥𝑘+1) − 𝑔(𝑥𝑘) ∥ ≤  𝐿(∥ 𝑥𝑘+1 − 𝑥𝑘 ∥ =  𝐿 ∥ 𝛼𝑘𝑑𝑘 ∥    (21) 
Using triangular inequality,  

∥ 𝑔(𝑥𝑘+1) − 𝑔(𝑥𝑘) ∥ ≤  𝐿(∥ 𝑔(𝑥𝑘+1) ∥ + ∥ 𝑔(𝑥𝑘) ∥) ≤  𝐿 ∥ 𝛼𝑘𝑑𝑘 ∥    (22) 
From (15) and the line search strategy (16), we have 

∥ 𝑔(𝑥𝑘+1) ∥ ≤  𝜎 ∥ 𝑔(𝑥𝑘) ∥       (23) 
Using (23) in (22) leads to 

𝜎 ∥ 𝑔(𝑥𝑘) ∥  + ∥ 𝑔(𝑥𝑘) ∥ ≤  𝐿 ∥ 𝛼𝑘𝑑𝑘 ∥      (24) 
Thus, we have, 

(𝜎+1)∥𝑔(𝑥𝑘)∥

𝐿
≥∥ 𝛼𝑘𝑑𝑘 ∥        (25) 

Hence    ∥ 𝛼𝑘𝑑𝑘 ∥≤ 𝜃 

Where   𝜃 =
(𝜎+1)∥𝑔(𝑥𝑘)∥

𝐿
               (26) 

This indicates that ∥ 𝛼𝑘𝑑𝑘 ∥≤ 𝜃 is monotone and bounded, hence converges. The proof is complete. 
(ii) Recall from (14) that, 𝜌𝑘 = 𝑠𝑘 − 𝑦𝑘 

∥ 𝜌𝑘 ∥≤∥ 𝑠𝑘 ∥ + ∥ −𝑦𝑘 ∥ from triangular inequality 
⇒ ∥ 𝜌𝑘 ∥≤∥ 𝑦𝑘 ∥ +∥ 𝑠𝑘 ∥  
But 𝑦𝑘 = 𝑔(𝑥𝑘+1) − 𝑔(𝑥𝑘) and 𝑠𝑘 = 𝛼𝑘𝑑𝑘 
⇒ ∥ 𝜌𝑘 ∥ ≤ ∥ 𝑔(𝑥𝑘+1) − 𝑔(𝑥𝑘) ∥  + ∥ 𝛼𝑘𝑑𝑘 ∥  
≤ 𝐿 ∥ 𝑥𝑘+1 − 𝑥𝑘 ∥ + ∥ 𝛼𝑘𝑑𝑘 ∥  
= 𝐿 ∥ 𝛼𝑘𝑑𝑘 ∥ + ∥ 𝛼𝑘𝑑𝑘 ∥ = (𝐿 + 1) ∥ 𝛼𝑘𝑑𝑘 ∥  
Since ∥ 𝛼𝑘𝑑𝑘 ∥ ≤ 𝜃  
Therefore, ∥ 𝜌𝑘 ∥ ≤  (𝐿 +  1)𝜃  
So we have ∥ 𝜌𝑘 ∥≤ 𝜔 where 𝜔 = (𝐿 +  1)𝜃, thus monotone and bounded, hence converges. Thus, 
lim
𝑘→∞

∥ 𝜌𝑘 ∥ = 0. 
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Lemma 3.2 
Supposed that assumption 3.1 holds and {𝑥𝑘} is generated by the SCG algorithm. If there exists a constant 
𝜖 > 0 such that for all 𝑘 

||𝑔(𝑥𝑘+1)|| ≥ 𝜖         (27) 
then there exists a constant 𝑚2 > 0 such that for all 𝑘 

||𝑑𝑘+1||  ≤ 𝑚2         (28) 
Proof 

Recall from (14), θ𝑘 =
𝑔(𝑥𝑘+1)𝑇𝑦𝑘

𝑦𝑘
𝑇𝑦𝑘

 and 𝑦𝑘 = 𝑔(𝑥𝑘+1) − 𝑔(𝑥𝑘)  

∴ |θ𝑘| =
|𝑔(𝑥𝑘+1)𝑇𝑦𝑘|

||𝑦𝑘||2
 

=
𝑔(𝑥𝑘+1)𝑇|(𝑔(𝑥𝑘+1) − 𝑔(𝑥𝑘))|

||𝑦𝑘||2
 

using (18) from assumption 3.1, yields 

<
𝐿‖𝑔(𝑥𝑘+1)‖‖𝑥𝑘+1 − 𝑥𝑘‖

||𝑦𝑘||2
 

𝐿‖𝑔(𝑥𝑘+1)‖‖𝛼𝑘𝑑𝑘‖

||𝑦𝑘||2
→ 0 𝑎𝑠 𝑘 → 0 

 
Without lost of generality, let 𝜖 > 0 be 𝜖𝑜 = 0.5, there exist an integer 𝑘𝑜 > 0, such that for all 𝑘 > 𝑘𝑜 , |𝜃𝑘| <
𝜖 > 0 holds. Recall that 

𝑑𝑘+1 = −𝑔(𝑥𝑘+1) + 𝜃𝑘𝜌𝑘 
∥ 𝑑𝑘+1 ∥ ≤ ∥ 𝑔(𝑥𝑘+1) ∥  + |𝜃𝑘| ∥ 𝜌𝑘 ∥ 

⋯ 
𝑚2 = 𝑚𝑎𝑥(∥ 𝑑1 ∥, ∥ 𝑑2 ∥, ⋯ , ∥ 𝑑𝑘 ∥, 𝑚1 + 𝜖𝜔) we can deduce that ∥ 𝑑𝑘+1 ∥ ≤ 𝑚2  

i.e. ∥ 𝑑𝑘+1 ∥ is uniformly bounded. Now we are going to state the following global convergence theorem. 
Under some suitable assumptions, there exist an accumulation point of 𝑥𝑘 , which is a solution of equation 
(1). 
 
Theorem 3.1 
Supposed that the assumption 3.1 holds and {𝑥𝑘} is generated by SCG algorithm. Assume further that for 
all 𝑘 > 0 

𝛼𝑘 ≥
𝑐|𝑔(𝑥𝑘+1)𝑇𝑑𝑘+1|

‖𝜌𝑘‖‖𝑑𝑘‖
        (29) 

 
where c is some positive constant. Then 
 

lim
𝑘→∞

||𝑔(𝑥𝑘+1)|| = 0,         (30) 

Proof 
We prove by contradiction, supposed that the conclusion does not hold, then there exists a constant 𝜖 > 0 
such that for all 𝑘, 

𝑔(𝑥𝑘+1) ≥ 𝜖 
 
holds. Moreover, from Lemma 3.2, we have the boundedness of 𝑑(𝑥𝑘+1) i.e. ||𝑑(𝑥𝑘+1)|| ≤ 𝑚2 and 
 

lim
𝑘→∞

|𝑔(𝑥𝑘+1)𝑇𝑑𝑘+1| = 0        (31) 

 
On the other hand, from (17) 

𝑑𝑘+1 = 𝑔(𝑥𝑘+1) +
𝑔(𝑥𝑘+1)𝑇𝑦𝑘(𝑦𝑘 − 𝑠𝑘)

‖𝑦𝑘‖2
 

𝑑𝑘+1 = 𝑔(𝑥𝑘+1) +
𝑔(𝑥𝑘+1)𝑇𝑦𝑘𝜌𝑘

‖𝑦𝑘‖2            (32) 
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multiplying (32) by 𝑔(𝑥𝑘+1)𝑇 
 

𝑔(𝑥𝑘+1)𝑇𝑑𝑘+1 = 𝑔(𝑥𝑘+1)𝑇𝑔(𝑥𝑘+1) +
𝑔(𝑥𝑘+1)𝑇𝑦𝑘𝑔(𝑥𝑘+1)𝑇𝜌𝑘

‖𝑔(𝑥𝑘+1) − 𝑔(𝑥𝑘)‖
 

by Lipschitz condition 
 

‖𝑔(𝑥𝑘+1)‖2 ≤ |𝑔(𝑥𝑘+1)𝑇𝑑𝑘+1|) +
‖𝑔(𝑥𝑘+1)‖2𝐿‖𝛼𝑘𝑑𝑘)‖‖𝜌𝑘‖

‖𝑔(𝑥𝑘+1)−𝑔(𝑥𝑘)‖
    (33) 

 
by the equation (19) i.e. ∥ 𝑔(𝑥𝑘) ∥ ≤ 𝑚1 for all 𝑥 ∈ Ω, Lemma 3.1 and Lemma 3.2 yields (33). Taking the limit 
of inequality (33) we have lim

𝑘→∞
∥ 𝑔(𝑥𝑘+1) ∥= 0, which contradict equality  

 
∥ 𝑔(𝑥𝑘+1) ∥ ≥ 𝜖 as 𝑘 → ∞. 

This completes the proof. 
 

 
4. NUMERICAL RESULTS 
 
In this section, the performance of the SCG method denoted as 𝑀1 is compared with the methods for 
nonlinear equations [2] denoted as 𝑀2. The numerical results were respectively reported by solving several 
benchmark problems with seven (7) different dimensions ranging from 10 to 50000. 
 

Problem 1: (Spares 1 Function of Byeong [2]) 

𝐹𝑖(𝑥) = 𝑥𝑖
2 − 1;  𝑖 =  1,2,3, . . . , 𝑛. 

𝑥0 = (0.5,0.5,0.5, . . . ,0.5)𝑇 and  𝑥0 = (0.2,0.2,0.2, . . . ,0.2)𝑇 

Problem 2: (System of Nonlinear Equations)[8] 

𝑓𝑖(𝑥) = 𝑒𝑥𝑖
2−1 − 𝑐𝑜𝑠(1 − 𝑥𝑖

2);  𝑖 =  1,2,3, . . . , 𝑛. 
𝑥0 = (0.5,0.5,0.5, . . . ,0.5)𝑇 and 𝑥0 = (0.2,0.2,0.2, . . . ,0.2)𝑇 

Problem 3: (System of 𝑛 Nonlinear Equations)[12] 

𝑓𝑖(𝑥) = (1 − 𝑥𝑖
2) + 𝑥𝑖(1 + 𝑥𝑖𝑥𝑛−2𝑥𝑛−1𝑥𝑛) − 2; 𝑖 = 1,2,3, ⋯ , 𝑛. 

𝑥0 = (0.5,0.5,0.5, . . . ,0.5)𝑇 and 𝑥0 = (0.2,0.2,0.2, . . . ,0.2)𝑇 
Problem 4 (System of n Nonlinear Equations)[8] 

𝑓𝑖(𝑥) = 𝑥𝑖 −  0.1𝑥𝑖+1
2 ; 𝑖 = 1,2,3, . . . , 𝑛. 

𝑥0 = (0.5,0.5,0.5, . . . ,0.5)𝑇 and  𝑥0 = (0.2,0.2,0.2, . . . ,0.2)𝑇 

Problem 5: (System of n Nonlinear Equations)[2] 

𝑓𝑖(𝑥) = ln(𝑥𝑖) cos(1 − (1 + (𝑥𝑇𝑥)2)−1) 𝑒1−(1+(𝑥𝑇𝑥)
2

)
−1

; 𝑖 = 1,2,3, ⋯ , 𝑛. 
𝑥0 = (0.5,0.5,0.5, . . . ,0.5)𝑇 and  𝑥0 = (0.2,0.2,0.2, . . . ,0.2)𝑇 

Problem 6: (System of n Nonlinear Equations)[20] 
𝐹𝑖(𝑥) = 𝑒𝑥𝑖 − 1;  𝑖 =  1,2,3, . . . , 𝑛. 

𝑥0 = (0.5,0.5,0.5, . . . ,0.5)𝑇 and 𝑥0 = (0.2,0.2,0.2, . . . ,0.2)𝑇 
 

The code for the proposed method was done using MATLAB 7.1 [15]. Using the programming 
environment R2009b and run on a personal computer 2.4GHz, Intel (R) Core (TM) i7-5500U CPU processor, 
4GB RAM memory and on windows XP operator. The search is stopped if: 
 

||𝑠𝑘|| +  ||𝑔(𝑥𝑘)|| ≤ 10−4        (34) 

 
We further design the codes to terminate whenever the number of iterations is at most 1000 but no point 

of 𝑥𝑘  that satisfy (34) is obtained. The performance of these methods is compared in terms of number of 
iterations and CPU times measured in seconds. We present all the results using the performance profile 
proposed by Dolan and More [3]. This profile presents a descriptive measure providing a wealth of 
information such as solver efficiency and probability of success in the general form. The performance profile 
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P : R → [0,1] is defined as follows: Let P and 𝑆 be the set of problems and set of solvers respectively. For 
𝑛𝑠 solvers and 𝑛𝑝 problems, and for each problem 𝑝 ∈ 𝑃 and for each solver 𝑠 ∈ 𝑆, we define 𝑡𝑝,𝑠 ∶=(number 

of iterations required to solve problem 𝑝 by solver 𝑠. The performance ratio is given by 
 

𝑟𝑝,𝑠: = 𝑡𝑝,𝑠/𝑚𝑖𝑛{𝑡𝑝,𝑠}. 

 
Then the performance profile is defined by 

 

𝑃(𝜏): =
1

𝑛𝑝

𝑠𝑖𝑧𝑒(𝑝 ∈ 𝑃: 𝑟𝑝,𝑠 ≤ 𝜏), 

 
for all 𝜏 ∈ 𝑅 where 𝑃(𝜏) is the probability for solver 𝑠 ∈ 𝑆 that a performance ratio 𝑟𝑝,𝑠 is within a factor 𝜏 ∈ 𝑅 

of the best possible ratio. The numerical results are presented in table 1-6. The meaning of each column in 
the tables are stated as follows. ”Prob” stands for problem solved, ”Dim” stands for dimension of the test 
problems, ”Iter”: the total number of iterations. We say that in the particular problem, the 𝑀1 performs better 
than the others if the number of iteration (iter) or the CPU Time of 𝑀1 is less than the number of iteration or 
the CPU Time corresponding to the other method respectively. By the given results, the proposed method 
performs effectively with the given benchmark problems as in table 1-6. 

Figure 1-2 presents the graphical results of problems 1-6 relative to number of iterations and CPU Time 
respectively. That is, for each method, we plot the fraction 𝑃(𝜏) of problems for which the method is within 
a factor 𝜏 of the best time [5,12]. The top curve is the method that performs better in a time that was within 
a factor 𝜏 of the best time. From figure 1, the proposed 𝑀1 methods relative to the number of iterations, 
outperforms other method 𝑀2. 

Similarly, Figure 2 shows the performance of 𝑀1 and other methods relative to CPU Time where the 
𝑀1 is the top performer, showing that the proposed method achieved better results, thus we conclude that 
𝑀1 method is promising. 
 

Table 1. Numerical results of problem 1 based on dimension of problem (n), Number of iterations and 
CPU time 

  SCG (𝑀1) Broyden (𝑀2) 

Prob Dim Iter 
CPU 

time 
Iter 

CPU 
Time 

1 10 2 1.32263 3 0.05509 

  50 2 0.17996 4 0.29727 

  100 2 0.32584 4 0.26083 

  1000 3 0.22476 4 0.46225 

  5000 4 0.22757 4 1.23982 

  10000 4 1.28413 4 12.77257 

  50000 5 5.46303 4 63.81277 

  10 5 0.00739 3 0.08002 

  50 5 0.32214 3 0.47035 

  100 5 0.03015 4 0.04157 

  1000 5 0.16982 5 0.08773 

  5000 5 0.51964 6 1.67228 

  10000 5 2.33713 6 8.43514 

  50000 7 14.64674 7 7.33695 
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Table 2. Numerical results of problem 2 based on dimension of problem (n), Number of iterations 
and CPU time 

  SCG (𝑀1) Broyden (𝑀2) 

Prob Dim Iter 
CPU 

time 
Iter 

CPU 
Time 

2 10 3 0.01289 5 0.00915 

  50 4 0.00969 6 0.00915 

  100 4 0.01434 6 0.01941 

  1000 5 0.03282 6 0.05069 

  5000 6 0.25895 5 0.31622 

  10000 7 0.88493 7 1.79673 

  50000 8 4.04199 7 9.43085 

  10 5 0.03552 4 1.85555 

  50 5 0.34212 5 0.05237 

  100 5 0.14323 6 0.05184 

  1000 5 0.12377 6 0.22882 

  5000 5 0.15634 6 0.62009 

  10000 5 0.44366 6 3.26438 

  50000 5 1.09876 4 78.44583 

 
 

Table 3. Numerical results of problem 3 based on dimension of problem (n), Number of iterations 
and CPU time 

  SCG (𝑀1) Broyden (𝑀2) 

Prob Dim Iter 
CPU 

time 
Iter CPU Time 

3 10 6 0.106 - - 

  50 6 0.10898 100 1.19026 

  100 6 0.12543 30 0.2983 

  1000 6 0.12322 26 0.39239 

  5000 6 323432 23 0.77831 

  10000 6 0.43532 21 5.06292 

  50000 9 28.24723 - - 

  10 - - 21 0.02378 

  50 6 0.06803 27 0.98422 

  100 7 0.38938 44 0.43931 

  1000 7 0.95442 28 0.38536 

  5000 8 4.50767 33 1.02821 

  10000 4 16.70493 26 5.38295 

  50000 56 85.32403 20 26.683997 

 
 

Table 4. Numerical results of problem 4 based on dimension of problem (n), Number of iterations 
and CPU time 

  SCG (𝑀1) Broyden (𝑀2) 

Prob Dim Iter 
CPU 

time 
Iter CPU Time 

4 10 5 0.20765 11 0.01779 

  50 6 0.24014 11 0.05944 

  100 6 0.11044 12 0.31941 

  1000 6 0.1719 12 0.93839 

  5000 7 0.55043 12 3.72989 
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  10000 10 3.50237 16 5.19109 

  50000 9 25.48175 19 30.68633 

  10 5 0.01148 11 0.01029 

  50 8 0.01488 12 0.02641 

  100 95 0.04344 12 0.03914 

  1000 5 0.2454 13 0.09055 

  5000 9 0.67137 14 0.59221 

  10000 9 8.02988 8 32.11532 

  50000 9 7.32454 9 196.84769 

 
 

Table 5. Numerical results of problem 5 based on dimension of problem (n), Number of iterations 
and CPU time 

  SCG (𝑀1) Broyden (𝑀2) 

Prob Dim Iter 
CPU 

time 
Iter 

CPU 
Time 

5 10 10 0.19289 4 0.02573 

  50 10 0.13698 10 0.05326 

  100 17 0.03577 14 0.05442 

  1000 20 0.25247 26 0.25592 

  5000 20 0.77096 21 0.89268 

  10000 20 4.34788 23 6.07403 

  50000 20 27.16918 32 44.26985 

  10 9 0.01636 5 0.13752 

  50 12 0.19998 1000 18.42693 

  100 12 0.04573 - - 

  1000 10 7.11197 - - 

  5000 27 0.93975 - - 

  10000 26 5.53954 10 5.21812 

  50000 - - - - 

 
Table 6. Numerical results of problem 6 based on dimension of problem (n), Number of iterations 

and CPU time 

  SCG (𝑀1) Broyden (𝑀2) 

Prob Dim Iter 
CPU 

time 
Iter 

CPU 
Time 

6 10 2 0.44433 23 0.08413 

  50 2 0.07508 17 0.40897 

  100 2 0.21035 23 0.32005 

  1000 2 0.81157 38 0.55585 

  5000 2 2.12648 21 0.81418 

  10000 3 16.16561 50 10.27528 

  50000 3 63.36318 50 78.60937 

  10 3 0.17667 3 0.17823 

  50 3 0.06205 10 0.03633 

  100 4 0.1121 10 0.07558 

  1000 4 0.81112 10 0.25121 

  5000 4 0.67543 10 1.01534 

  10000 4 0.57876 12 1.08977 

  50000 4 23.8762 10 31.01261 
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Figure 1. Performance profile of M1 and M2 methods with respect to the number of iterations for 

the problems 1-6 
 
 

 
Figure 2. Performance profile of M1 and M2 methods with respect to the CPU Time for the 

problems 1-6 
 

 
5. CONCLUSION 
 
This paper presents a simple new conjugate gradient method, based on a modification of Broyden’s 
algorithm via memoryless approach, for which both the descent condition and the conjugacy condition are 
satisfied. Numerical experiments on some test problems of different dimension shows that the proposed 
method is the top performer in all the cases compare to other conjugate gradient algorithm. It is also worth 
mentioning that the method is capable of significantly reducing the CPU Time and the number of iterations, 
as compared to CG-Like algorithms [2], while maintaining good accuracy of the numerical solution to some 
extends. Hence, we can claim that our proposed method (SCG) is a good alternative algorithm for solving 
large scale systems of nonlinear equations. 
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